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We exactly calculate the full temperature dependence of Casimir-like forces appearing between
two and three static impurities loaded in the ideal Bose gas below the Bose-Einstein condensation
transition point. Assuming the short-ranged character of the boson-impurity interaction, the calcu-
lation procedure presented here can be easily extended on a Bose system with an arbitrary number
of impurities immersed.
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I. INTRODUCTION
The presence of impurities in Bose-Einstein condensate
(BEC) predetermines a number of experimentally observ-
able phenomena, namely, formation of a single-impurity
dressed quasiparticles which are referred to Bose polarons
at low temperatures in one- [1] and three-dimensional
[2, 3] systems and at finite temperatures near the BEC
transition point [4]; creation of the Rydberg polaron [5]
in Sr condensate. A single ion immersed in BEC may be
also used to probe [6] the local atomic density distribu-
tion of host atoms. Theoretical investigations of prop-
erties of such objects at finite temperatures are mostly
focused on the exploration of the Bose polaron behavior
near the superfluid phase-transition point [7–9], and on
the investigation of impurity dynamics [10, 11]. Polarons
can be also used for the low-temperature thermometry in
BECs [12].
In real experimental conditions, however, the number
of impurities is macroscopic nevertheless concentrations
are typically small. Therefore, even when impurities are
initially non-interacting (spin-polarised fermions, for in-
stance), being immersed in the Bose environment they
mutually interact via the effective boson-mediated poten-
tial. In general, this effective potential is the many-body
one but when the concentration of impurities is small
(i.e., average distance between exterior particles is large)
it can be freely modelled by the pairwise interactions.
Depending on a strength of the boson-impurity coupling
the two-impurity system undergoes crossover behavior
from two separate Bose polarons interacting via weak
Yukawa-like potential [13] through the bipolaron state
[14, 15] at intermediate couplings to the Efimov trimer
[13, 16, 17] at strong boson-impurity attractions. It is
interesting that the binding energy of trimers at unitary
is suppressed [18, 19] by presence of a Bose condensate.
The medium-induced Casimir-like forces are of great
importance in the condensed-matter physics [20]. Being
∗e-mail: volodyapastukhov@gmail.com
responsible for our understanding of numerous phenom-
ena in many-body systems they have the most profound
effect in low dimensions, particularly in 1D [21–23, 25].
In this context the simplest system for the visualization
of the Casimir forces is two particles interacting with a
free scalar field. This is a model of 1D crystal in the har-
monic approximation, where the scattering of phonons on
impurities leads to the induced long-range interaction be-
tween them. A behavior of the effective potential essen-
tially differs for impurities with finite and infinite masses
[26], namely, Φeff(R12) ∝ 1/R312 and Φeff(R12) ∝ 1/R12,
respectively, and becomes exponential at finite tempera-
tures [27]. The appearance of interaction of the Casimir
type can be also demonstrated in mixtures of quantum
gases [28], where the effective attraction between ‘heavy’
bosons of 133Cs mediated by the degenerated Fermi gas
of 6Li atoms was observed. Theoretically this problem
was studied in Ref. [29] for both 2D and 3D cases.
The aim of the present article is to explore the finite-
temperature Casimir effect associated with the immer-
sion of impurities in a 3D ideal Bose gas. In general, a
problem of induced forces in Bose systems is not well-
studied, especially at finite temperatures. Few excep-
tions are the following: the perturbative consideration of
the effective interaction between static impurities in the
spin-orbit-coupled BEC [30], the detailed discussion of
the Landau effective potential for two Bose polarons at
absolute zero [31], and systems confined in 1D (or quasi-
1D) geometries, which are now lively discussed and where
the peculiarities of the induced interaction in the dilute
limit are dictated by the characteristic scale, namely, the
coherence length. For distances between impurities less
than this scale the Casimir force behaviors exponentially
[32], while decaying power-law-like at large inter-particle
spacing [33] with the boundary-conditions-dependent ex-
ponent [34]. At that time, the finite-temperature fluctu-
ations not only break the quasi-long-range order in 1D
bosonic systems but also change the large-distance be-
havior of the Casimir force to exponential [35].
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2II. FORMULATION
A. Statement of the problem
We consider a very simple model of a few static
(infinite-mass) impurities immersed in ideal BEC. Al-
though below we mainly focus on the one-, two- and
three-particle limits the general calculation scheme is also
applicable for an arbitrary number of impurities. There-
fore, the Hamiltonian of the system
H =
∑
k,q
〈k|ε+ Φ(r)|q〉ψ+k ψq, (2.1)
is written down for this latter case, where ε = p
2
2m is the
one-boson kinetic energy operator, and
Φ(r) =
∑
1≤j≤N
gδ(r−Rj), (2.2)
is the potential energy due to interaction with N impuri-
ties placed in positions Rj . Operators ψ
+
k (ψk) are stan-
dard creation (annihilation) bosonic operators of particle
with momentum ~k, and in (2.1) we used the plane-wave
representation defined for large volume V with periodic
boundary conditions imposed. The strength of boson-
impurity interaction is controlled by bare coupling con-
stant g, which because of δ-type interaction should be
renormalized in final formulas 1g =
m
2pi~2a − 1V
∑
k
1
εk
via
s-wave scattering length a.
The thermodynamics of non-interacting bosons loaded
in external potential (2.2) can be obtained in conven-
tional [36] for an ideal quantum gases way. First, we have
to solve the single-particle quantum mechanical problem
{ε+ Φ(r)}|l) = El|l), (2.3)
(here |l) and El are the l-th eigenstate and correspond-
ing eigenvalue of a single-boson Hamiltonian in the pres-
ence of impurities) and then straightforwardly apply the
grand-canonical formalism with grand potential given by
Ω = T
∑
l
ln
[
1− e(µ−El)/T
]
, (2.4)
where µ is the chemical potential that controls the num-
ber of bosons. The sum in r.h.s. of Eq. (2.4) is a trace of
the one-particle statistical operator and taking into ac-
count the invariance of trace we can equivalently rewrite
Ω in the plane-wave basis [from now on we do not write
down in Φ(r) the explicit dependence on r]
Ω = T
∑
k
〈k| ln
[
1− e(µ−ε−Φ)/T
]
|k〉,
or in a form more convenient for practical use
Ω = T
∫
dωD(ω) ln
[
1− e(µ−ω)/T
]
, (2.5)
where the density of states D(ω) =
∑
l δ(ω − El) =∑
k〈k|δ(ω − ε − Φ)|k〉 can be conventionally written
through the one-particle Green’s function Gω
D(ω) = − 1
pi
∑
k
Im〈k|Gω+i0|k〉, Gω = 1
ω − ε− Φ ,(2.6)
and integration is carried out in the semi axis where
ω − µ > 0. So, the further consideration is fully de-
voted to calculations of the above-presented density of
states. Furthermore, in the following we restrict ourselves
to the thermodynamic limit, where both volume V and
number of bosons N rapidly grow, while keeping density
n = N/V of the system fixed. Demanding additivity of
the thermodynamic potential we assume that impurity
does not change properties of Bose gas drastically, which
particularly means that only scattering states will be ac-
counted. The appearance of bound states at some region
of parameters change will immediately lead to the col-
lapse of bosons (in that case the macroscopic number of
particles will be localized in a finite volume).
All peculiarities of the density of states can be figured
out by computing the T -matrix
Tω = Φ + ΦG(0)ω Tω, (2.7)
which allows to represent Green’s function in terms of its
zero-order counterpart G
(0)
ω
Gω = G
(0)
ω +G
(0)
ω TωG(0)ω , G(0)ω =
1
ω − ε . (2.8)
Working with BECs and assuming the scattering na-
ture of the ground state in a Bose gas with impurities,
the zero-momentum term in formula for D(ω) should be
treated with a great care. First, it is more instructive to
rewrite it as follows [37]
〈0|Gω+i0|0〉 = 1
ω + i0− 〈0|T 0ω+i0|0〉
, (2.9)
where the reduced T -matrix T 0ω = Φ+ΦG(0)ω Q0T 0ω , (here
Q0 = 1 − |0〉〈0| denotes the projector on all scattering
states without k = 0) is determined on the subspace of
the one-particle Hilbert space without state |0〉. Substi-
tution in Eq. (2.5) leads us to the conclusion that the
chemical potential of bosons with microscopic number of
impurities reads
µ = 〈0|T 00 |0〉. (2.10)
Note that µ is of order 1/V when only a few particles
are immersed in a system below the critical temperature,
and Eq. (2.10) guarantees only a leading-order asymp-
totics in 1/V . Multiplied by the number of bosons N ,
the result (2.10) represent the impurities binding energy
at T = 0. So, the problem is reduced to the calculations
of the T -matrix of a bosonic atom moving in the external
potential produced by the static particles. Fortunately,
the formal solution of this problem can be exactly found
3for arbitrary non-macroscopic number of motionless im-
purities. Particularly, by rewriting the operator equation
(2.7) (with projector Q0 inserted) explicitly in matrix
form we obtain
〈q|T 0ω |k〉 =
1
V
∑
1≤j≤N
ge−i(q−k)·Rj
+
1
V
∑
s 6=0
∑
1≤j≤N
ge−i(q−s)·Rj
1
ω − εs 〈s|T
0
ω |k〉. (2.11)
Applying the iterative procedure to the above equa-
tion, it is easy to guess the solution for the T -matrix
〈q|T 0ω |k〉 = tω 1V
∑
1≤i,j≤N e
−iq·RiTijeik·Rj , where the
elements of quadratic matrix Tij (of size N ) are defined
as follows
T−1ij = δij −∆ω(Rij)[1− δij ]. (2.12)
Here δij is the Kronecker delta and we made use of no-
tations
t−1ω =
m
2pi~2a
− 1
V
∑
k6=0
(
1
ω − εk +
1
εk
)
, (2.13)
for the boson-single-impurity vacuum T -matrix and for
function
∆ω(R) = tω
1
V
∑
k 6=0
eik·R
ω − εk , (2.14)
of relative distance between impurities Rij = Ri −Rj .
In general for fixed N , the problem is reduced to cum-
bersome matrix calculus, but in the two-impurity limit
these calculations can be carried out comparatively sim-
ply,
V 〈k|T 0ω |k〉 = 2tω
1 + ∆ω(R12) cos(k ·R12)
1−∆2ω(R12)
. (2.15)
The evaluation of the above integrals in three spacial
dimensions causes any problems and can be found in
Appendix. With Eq. (2.15) in hands, which actually
gives the density of states, we are free to calculate ther-
modynamics of the considered system. The solution of
Eq. (2.11) for three exterior particles immersed reads
V 〈k|T 0ω |k〉 =
tω
detω(R12, R13, R23)
×
{
3−∆2ω(R12)−∆2ω(R13)−∆2ω(R23)
+ 2[∆ω(R12) + ∆ω(R13)∆ω(R23)] cos (k ·R12)
+ 2[∆ω(R13) + ∆ω(R12)∆ω(R23)] cos (k ·R13)
+ 2[∆ω(R23) + ∆ω(R12)∆ω(R13)] cos(k ·R23)
}
,
(2.16)
here detω(R12, R13, R23) is the determinant of matrix
T−1ij
detω(R12, R13, R23) = 1−∆2ω(R12)−∆2ω(R23)
−∆2ω(R13)− 2∆ω(R12)∆ω(R23)∆ω(R13). (2.17)
The ground-state energy of our system can be also
calculated in the plane-wave basis by applying the con-
ventional many-body perturbation techniques directly to
Hamiltonian (2.1). With the assumption that presence of
impurities does not destroy uniformity of the Bose con-
densate and the lowest one-particle energy level again
corresponds to wave-vector k = 0, the Hamiltonian reads
H = N〈0|Φ|0〉+
∑
k,q 6=0
〈k|ε+ Φ|q〉ψ+k ψq
+
√
N
∑
k6=0
{〈k|Φ|0〉ψ+k + 〈0|Φ|k〉ψk} , (2.18)
where both ψ+0 , ψ0 are replaced by a c-number
√
N . Cal-
culated to all orders of perturbation theory, the ground-
state energy
E0 = N〈0|Φ|0〉+N
∑
k6=0
〈0|Φ|k〉 1−εk 〈k|Φ|0〉
+N
∑
k,q 6=0
〈0|Φ|k〉 1−εk 〈k|Φ|q〉
1
−εq 〈q|Φ|0〉+ . . .
= N〈0|T 00 |0〉, (2.19)
collapses exactly to the diagonal element of the reduced
T -matrix and reproduces (2.10).
The internal energy of the system and the average
number of bosons, at temperatures above the BEC tran-
sition, are derived by applying thermodynamic relations
E = Ω + µN + TS [with S = − (∂Ω/∂T )V,µ being the
entropy of the system] and N = − (∂Ω/∂µ)V,T , respec-
tively
E =
∫
dωD(ω)ω
e(ω−µ)/T − 1 , N =
∫
dωD(ω)
e(ω−µ)/T − 1 , (2.20)
where µ contains both (2.10) and the finite temperature-
dependent part. Below the transition temperature, the
calculations of integrals in (2.20) require separation of
the k = 0-mode in D(ω). Taking into account Eqs. (2.9),
(2.10) and the second formula in (2.20) we conclude that
D(ω) contains δ-singularity at ω = µ (i.e., at ω ∝ 1/V ),
such that
N = N0 +
∫
dωD0(ω)
e(ω−µ)/T − 1 , (2.21)
where N0 is the number of particles in BEC and super-
script near D(ω) denotes that term with k = 0 omitted
in the density of states. Same substitution of D(ω) in
equation for the internal energy below the BEC transi-
tion then yields
E = N0〈0|T 00 |0〉+
∫
dωD0(ω)ω
e(ω−µ)/T − 1 . (2.22)
4The latter expression can be equivalently obtained by
means of the quasi-particle-picture arguments. Indeed,
the first term in (2.22) represents the contribution of
BEC (where each boson now has an energy µ due to pres-
ence of impurities) to the total energy, while the second
term in E is the average energy of the thermally-excited
Bose particles. Equation (2.22) allows to obtaining (see
Appendix) the exact energy that Bose gas gains when N
impurities are immersed in it at finite temperatures.
B. Bound states
In order to elucidate the limits of applicability of the
above formal calculations we must analyze the one-boson
bound-state problem. This can be directly done by
searching for the T -matrix (2.15) poles at negative ωs.
For a single impurity, they are given by zeros of t−1ω ,
which lead to the fictitious pole with a simple mathe-
matical expression 1 = − ~22ma2 , valid for all positive as.
The appropriate one-boson Hamiltonian and the ground-
state function read
H = − ~
2
2m
∇2 + 2pi~
2a
m
δ(r1)
∂
∂r1
r1, (2.23)
〈r|0)N=1 ∝ e
−r1/a
r1
, (2.24)
with shorthand notation r1 = r−R1 for relative boson-
impurity position. The above potential energy is the well-
known Huang-Yang pseudo-potential, which explicitly
represents the Bethe-Peierls boundary condition. In the
two-impurity case, the situation with the bound states is
more interesting. Now poles, 2, corresponding to bound
states are given by two equations [18]
1− a
√
2m|2|/~± a
R12
e−R12
√
2m|2|/~ = 0. (2.25)
For completeness, we also provide the bound-state wave
functions [29] [the appropriated Hamiltonian in this case
is just a two-centered generalization of (2.23)]
〈r|0)N=2
〈r|1)N=2
}
∝ e
−r1
√
2m|2|/~
r1
± e
−r2
√
2m|2|/~
r2
. (2.26)
A graphical representation of solutions for dimensionless
quantity |˜2| = |2|/
(
~2
2mR212
)
is plotted in Fig. 1 from
which we clearly see that there is a ‘window’, −1 < aR12 ≤
0, where no bound states occur and the previous analysis
is valid.
A similar analysis can be performed for three heavy
atoms immersed in a system of non-interacting bosons.
In this case the equation for bound states of a single
boson both for positive and negative scattering lengths a
0 , 0 0 , 2 0 , 4 0 , 6 0 , 8 1 , 0
- 4
- 2
0
2
4
|
a R 1 2

2
~|
Figure 1: Graphical representation of Eqs. (2.25) for the
bound-state energies of bosons with two impurities immersed.
At positive a and large R12 > a there are two energy levels.
In all other cases, except region −1 < a
R12
≤ 0 (gray area), a
single bound state exists.
is the following:
(1− a√2m|3|/~)3 − (1− a√2m|3|/~)
×
[ (
a
R12
)2
e−2R12
√
2m|3|/~ +
(
a
R13
)2
e−2R13
√
2m|3|/~
+
(
a
R23
)2
e−2R23
√
2m|3|/~
]
+2 a
3
R12R13R23
e−(R12+R13+R23)
√
2m|3|/~ = 0. (2.27)
The appropriate wave functions can be obtained by track-
ing back formula (2.26). In general, energy 3 depends on
three dimensionless parameters; let say three relative dis-
tances between impurities R12, R13, R23 in units of |a|
(moreover the triangle inequalities should be preserved
R12 + R13 ≤ R23, R12 + R23 ≤ R13, R23 + R13 ≤ R12).
Note that Eq. (2.27) at least contains three solutions.
However, in the limiting case when the impurities are lo-
cated equidistantly from each other, R12 = R13 = R23 =
R, Eq. (2.27) for the bound states of boson splits into
two
1− a√2m|3|/~ + 2 aRe−R√2m|3|/~ = 0 (2.28)
1− a√2m|3|/~− aRe−R√2m|3|/~ = 0, (2.29)
and branch coming from the first one, 2.28, is two times
degenerated. It is easily seen that Eq. (2.27) transforms
into Eq. (2.25), if any of Rij tends to infinity. The graph-
ical dependence (Fig. 2) illustrates the behavior of di-
mensionless bound state energy |˜3| = |3|/
(
~2
2mR2
)
of
a single boson in the presence of three impurities when
R12 = R13 = R23 = R. Here we see that in a case of
equidistant impurities immersed in the ideal Bose gas,
5there is a region (shaded area in Fig. 2), where the sys-
tem remains stable and its ground state is not localized.
However, the shaded region of the Bose-gas stability in
the three-impurity case is somewhat more narrow than in
the two-impurity one (compare Fig. 1 and Fig. 2). If the
0 1 2 3 4
- 4
- 2
0
2
4 a R
|  3 |  ~
Figure 2: Graphical representation of Eqs. (2.28) for the
bound-state energies of a single boson with three equidistant
impurities immersed. At positive a and R > a there are
two (different) energy levels. In all other cases, except region
−0.5849 < a
R
≤ 0 (grey area), a single bound state exists.
positions of two impurities are fixed and the location of
the third particle is varied we can obtain the level lines of
bound state energy 3 (see Fig. 3). Because of the triangle
0 , 0 0 , 5 1 , 0 1 , 50 , 0
0 , 5
1 , 0
1 , 5
R 1 3 / R 1 2
R 2 3 / R 1 2
|  3 |  :   0 . 1 ;   1 ;   1 0
a / R 1 2 =   0 . 5
a / R 1 2 =  -  0 . 5
~
Figure 3: Graphical representation of Eqs. (2.27) for the
bound-state-energy level lines of a boson with three impu-
rities immersed. The upper and lower half-planes correspond
to a/R12 = −0.5 and a/R12 = 0.5, respectively.
inequalities these lines are always of a finite length. Note
that in a case of negative scattering lengths (a < 0, re-
gion above the grey line in Fig. 3) the boson bound-state
energy increases with decreasing of a distances between
impurities, while for a > 0 (region below the grey line)
there is a possible configuration of impurities when the
level line of |3| = 0.1 is located between the level lines
of |3| = 1 and |3| = 10, respectively.
In the context of experimental realization at least two
questions arise at this point. The first one is related to
number of impurities that is typically produced in ex-
periments and this number is significantly larger than
two or three. From the previous analysis is easy to fig-
ure out that for an arbitrary number N of static par-
ticles the N wave functions that correspond to bound
states are simply given by linear combinations of expo-
nential functions of type e−rj
√
2m|N |/~/rj . In general,
theseN energies are complicated functions of relative dis-
tances Rjj′ between impurities, but they disappear when
a < 0 and all Rjj′  |a|. So, whole our previous dis-
cussion is plausible for systems with small concentration
of uniformly-distributed impurities. The second question
raises issue of the experimental visibility of bound states.
At finite temperatures the Bose gas collapse dynamics
is complicated and requires separate investigation, but
if we assume that the system is initially prepared at
very low temperatures without boson-impurity interac-
tion and then this interaction is suddenly switched on,
probability of the bound-state realization given by mod-
ulus squared of the wave-function overlap
Z =
∣∣∣∣〈vac| (ψl=0)N√N ! (ψ
+
k=0)
N
√
N !
|vac〉
∣∣∣∣2 ∝ (a3V
)N
, (2.30)
is very small. Here, we have argued that system remains
in the uniform (scattering) BEC state for some time even
for set of parameters when true ground state is the col-
lapsed BEC. The obtained power-law behavior of over-
lap (2.30) which tends to zero very quickly with increas-
ing number of surrounding particles is usually referred
to the orthogonality catastrophe. For the bosonic envi-
ronments formed by non-interacting particles such a be-
havior seems to be generic for all spacial dimensionalities
where the BEC transition occurs. The low-dimensional
(already starting from two-dimensional) ideal Bose gas,
instead, is insensitive to the presence of impurities.
III. RESULTS
Full information about the temperature dependence of
energy of two impurities can be deduced by subtracting
the internal energy of ideal Bose gas from Eq. (2.22) (see
Appendix). The resulting energy ∆E2(R12) associated
with impurities is a complicated function of relative dis-
tance R12 but when the latter goes to infinity energy
∆E2(∞) tends to constant, which is twice the binding
energy of a single impurity
∆E1 =
2pi~2a
m
[
n+
∫ ∞
0
dk
(2pi)2
k2
eεk/T − 1
(ak)2
1 + (ak)2
]
.(3 31)
Typical temperature behavior of ∆E1 is presented in
Fig. 2, where T0 is the BEC temperature and EMF =
60 , 0 0 , 2 0 , 4 0 , 6 0 , 8 1 , 0
- 1 , 4
- 1 , 2
- 1 , 0
1 , 0
1 , 2
1 , 4
 a n 1 / 3  =  -  0 , 1
 a n 1 / 3  =  -  1
 a n 1 / 3  =  -  1 0
 a n 1 / 3  =  0 , 1
 a n 1 / 3  =  1
 a n 1 / 3  =  1 0
t
∆ E 1 / E M F
Figure 4: Examples of temperature dependence t = T/T0 of
the single-impurity binding energy.
2pi~2|a|n/m is a modulus of the mean-field energy (which
is the exact for one impurity at T = 0). We also built
in Fig. 3 the one-particle energy at several fixed tem-
peratures as a function of dimensionless coupling con-
stant an1/3. The leading-order temperature correction
- 4 - 2 0 2 4
- 1 , 4
- 1 , 2
- 1 , 0
1 , 0
1 , 2
1 , 4
∆ E 1 / E M F
 t  =  1 t  =  0 , 5 t  =  0 , 1
a n 1 / 3
Figure 5: One-impurity energy (3.31) versus gas parameter
an1/3. Negative values of an1/3 correspond to region, where
there are no bosonic bound states and consequently the sys-
tem is stable.
scales as (an1/3)2(T/T0)
5/2, when interaction is weak and
(T/T0)
3/2 at unitarity |a|n1/3  1. The explicit formula
for the two-impurity energy ∆E2(R12) is more cumber-
some (see Appendix) and therefore not written here. We
can now define the effective potential energy between two
impurities induced by the interaction with Bose parti-
cles as a difference of energies with fixed R12 and infinite
(one-impurity limit) distances between static particles
Φ
(2)
eff (R12) = ∆E2(R12)−∆E2(∞). (3.32)
Potential (3.32) in BEC phase has two types of terms
and their origin is readily seen from the general formula
for energy (2.22) (see also Appendix). The first term
is the temperature-independent one with a very simple
mathematical expression
Φ
(2)
eff (R12)
∣∣∣
T→0
=
2pi~2a
m
n× 2
[
1
1 + a/R12
− 1
]
,(3.33)
while the second term contains all thermal effects but
can be calculated only numerically. Figure 4 displays the
total impact of these two terms. Particularly, we have
built the effective potential for only two temperatures,
namely, T = 0 and T = T0, because for all other temper-
atures the curves describing Φ
(2)
eff (R12) lie between those
two. The presented in Fig. 4 graphs of function Φ
(2)
eff (R12)
at various interaction strengths clearly demonstrate the
tendency of the Casimir forces mediated by free bosons
to increase the potential well with increasing of temper-
ature. Qualitatively, this effect can be understood by
utilizing the quasiparticle picture arguments. In the sim-
plest approximation, the effective two-body interaction
between impurities that appears due to the quasiparticles
exchange (regardless of sign of a), is more intense more
bosons are in the exited states. Therefore, increase of the
temperature naturally leads to increase of the quasipar-
ticle number and, in turn, to the deepening of potential
well for the attractive and raise of the potential barrier
for repulsive impurity-impurity interactions.
The leading order large-distance behavior of the
Casimir forces is know to be universal, i.e., controlled
by critical exponents of bulk system in close vicinity of
the second-order phase transition. This realizes in the
classical systems, where the Casimir effect is exponen-
tially suppressed outside the critical temperature. In
Bose systems with the infinite-mass impurities immersed,
in contrast, the large-R12 asymptotic of Φ
(2)
eff (R12) is de-
termined by the infra-red behavior of the dynamic struc-
ture factor S(ω = 0, k) in the static limit. For the case
of ideal Bose gas considered here, the small-k expansion
S(ω = 0, k) ∝ 1/k2 is universal at any temperatures be-
low T0 including T = 0. It means that universality of the
Casimir forces in ideal Bose gas at low temperatures is
fully dictated by presence of the Bose condensate.
The three-body effective potential principally contains
three types of terms:
Φ
(3)
eff (R12, R23, R13) = ∆E3(R12, R23, R13)− 3∆E1
−Φ(2)eff (R12)− Φ(2)eff (R23)− Φ(2)eff (R13) (3.34)
where from the energy ∆E3(R12, R23, R13) of three im-
purities immersed in Bose gas one should subtract the
triple energy of a single atom and the total pairwise ef-
fective interaction between impurities. An explicit ex-
pression for ∆E3(R12, R23, R13) is cumbersome therefore
not written. In Appendix, however, we present a formula
for the energy ∆EN of arbitrary number N of impuri-
ties immersed, but more or less closed-form relation for
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Figure 6: The effective potential Φ
(2)
eff (R12) versus the rel-
ative distance (in units of |a|) between impurities at tem-
peratures T = 0 (dashed lines) and T0 (solid lines). Dif-
ferent panels correspond to different boson-impurity dimen-
sionless couplings an1/3 from ±10−1 (top) to ±102 (bot-
tom) and it is clearly seen that for large an1/3 (already from
an1/3 ∼ 1) fraction Φ(2)eff (R12)/EMF (as function of dimen-
sionless R12/|a|) is insensible to changes of the interaction
strength Φ
(2)
eff (R12)
∣∣∣
|a|n1/31
= Φ
(2)
eff (R12)
∣∣∣
T→0
× (1 + t3/2/2).
∆EN is available up to two particles. In all other cases
(as that, N = 3, discussed here) the numerical procedure
of calculations should be applied. At first, let us analyze
simplified case of equidistant impurities (see Fig. 7). The
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Figure 7: The effective potential Φ
(3)
eff (R,R,R) versus the rel-
ative distance (in units of |a|) between equidistant impurities
at temperatures T = 0 (dashed lines) and T0 (solid lines),
respectively.
three-body potential Φ
(3)
eff (R), likewise the two-body one
8Φ
(2)
eff (R12), has its own singularities that appear exclu-
sively when a < 0. It is intuitively clear that the three-
particle potential Φ
(3)
eff (R,R,R) drops to zero at large dis-
tances (R/|a|  1) faster than Φ(2)eff (R) both for a < 0
and a > 0. One also sees that the temperature effects are
more decisive at a < 0 and ratio
∣∣∣Φ(3)eff (R,R,R)∣∣∣ /EMF
increases with the decreasing of strength of the boson-
impurity interaction.
The three-body effective potential with fixed positions
(R12/|a| = 0.5) of two particles is the surface which
projection is plotted in Fig. 8 as function of R13/|a|
Figure 8: (Color online) The effective potential
Φ
(3)
eff (R12, R23, R13) (in units of EMF).
and R23/|a|. These figures reveal two important fea-
tures of the induced effective three-body potential. First,
Φ
(3)
eff (R12, R23, R13) strongly depends on a sign of the
scattering length a. Secondly, its general behavior is
readily seen at zero temperature: position of singular
points (−∞ at the center of violet, and +∞ at the center
of red regions, respectively), magnitude of the effective
potential. The temperature effects, similarly to their im-
pact on the two-body effective potential, only emphasize
the general tendency of the three-body Casimir forces
by increasing magnitudes of peaks and depths of wells,
respectively.
IV. CONCLUSIONS
In summary, we have calculated in detail the
temperature-dependent energies associated with the im-
mersion of one, two and three static impurities into ideal
three-dimensional Bose-Einstein condensate. The simple
and efficient method used here allows the exact treatment
of the problem and could serve a good starting point for
possible extensions on case (i) of mobile impurities and
(ii) interacting Bose environments. In the former case,
the exact solution exists only for 1D systems in the limit
of equal masses of the immersed atom and host particles
but we expect that behavior of the finite-mass impurity
in 3D will be qualitatively similar to the one described
here. In the present article, however, the main emphasis
was made on the Casimir effect that results in the boson-
mediated effective two- and three-impurity interaction
and to the problem of stability of the Bose system against
collapse. The latter question is very important from the
point of view of preparation of such a mixture, because in
contrast to non-interacting fermions, the ideal Bose gas
is a substance with zero compressibility below the crit-
ical temperature. In this work we have shown that for
small concentrations of uniformly-distributed impurities
the system remains stable at least when the short-range
boson-impurity interaction has an attractive character.
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V. APPENDIX
For completeness we give explicit analytic formulas,
after integrations over the wave-vector in the thermody-
namic limit, for the two-body boson-impurity T -matrix
tω and dimensionless function ∆ω(R12) [see Eq. (2.13)
and (2.14), respectively] introduced in main text
tω+i0 =
2pi~2a
m
1
1− akω+i0 ,
∆ω+i0(R12) = − a
R12
e−R12kω+i0
1− akω+i0 ,
where kω+i0 =
√
2m|ω|/~2 {θ(−ω)[1− i0]− iθ(ω)} with
θ(x) being the Heaviside step function.
9Equation (2.22) contains two types of non-vanishing
terms in the thermodynamic limit, namely, the ideal Bose
gas contribution which is of order V and the terms of
order unity corresponding to the impurities
E = N0〈0|T 00 |0〉+
∫ ∞
µ
dω ω
e(ω−µ)/T − 1
×−1
pi
∑
k 6=0
Im
{
1
ω + i0− εk +
〈k|T 0ω+i0|k〉
(ω + i0− εk)2
}
.
Shifting the integration limits, recalling that the chemical
potential µ = 〈0|T 00 |0〉 ∝ 1/V in the BEC phase and
picking up terms of order unity we obtain the energy
associated with N impurities
∆EN = N〈0|T 00 |0〉+
∫ ∞
0
dω ω
eω/T − 1
×−1
pi
∑
k6=0
Im
〈k|T 0ω+i0|k〉 − 〈0|T 00 |0〉
(ω + i0− εk)2 . (5.35)
Integration over the wave-vector in Eq. (5.35) is simple,
and in a case of two static particles we have
−1
pi
∑
k6=0
Im
〈k|T 0ω+i0|k〉 − 〈0|T 00 |0〉
(ω + i0− εk)2 = −
( m
pi~2
)2
Im
1
kω+i0
×
{
tω+i0
1 + ∆ω+i0(R12)e
−R12kω+i0
1−∆2ω+i0(R12)
− t0
1−∆0(R12)
}
.
Taking the imaginary part, substituting in Eq. (5.35) and
making use of change of variables in the integral, we ar-
rive with energy ∆E2(R12) as a function of temperature
and relative distance R12 between particles
∆E2(R12) =
4pi~2an
m
1
1 + a/R12
−4pi~
2a
m
∫ ∞
0
dk
(2pi)2
k2
eεk/T − 1
×
[
1 + a cos(kR12)/R12
(1 + a cos(kR12)/R12)2 + (ak + a sin(kR12)/R12)2
+
1
2
ak sin(kR12)− (1− a/R12)(1− cos(kR12))
(1 + a cos(kR12)/R12)2 + (ak + a sin(kR12)/R12)2
−1
2
ak sin(kR12)− (1 + a/R12)(1− cos(kR12))
(1− a cos(kR12)/R12)2 + (ak − a sin(kR12)/R12)2
− 1
1 + a/R12
]
. (5.36)
Putting R12 → ∞ we recover the doubled binding en-
ergy of a single impurity ∆E2(∞) = 2∆E1, with ∆E1
presented in main text.
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